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In this paper, we consider a non-local boundary-value problem for a mixed-type equation involving
the bi-ordinal Hilfer fractional derivative in rectangular domain. The main target of this work is
to analyze the uniqueness and the existence of the solution of the considered problem by means of
eigenfunctions. Moreover, we construct the solution of the ordinary fractional differential equation
with the right-sided bi-ordinal Hilfer derivative by the method of reduction to the Volterra integral
equation. Then, we present sufficient conditions for given data in order to show the existence of the
solution.
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1 Introduction
Our project is a competition on Kaggle (Predict Future Sales). We are provided with daily historical sales data (includ-
ing each products’ sale date, block ,shop price and amount). And we will use it to forecast the total amount of each
product sold next month. Because of the list of shops and products slightly changes every month. We need to create a
robust model that can handle such situations.
Fractional differential equations have become an important target for investigations because of their properties that are
very useful to describe memory phenomena in control theory, viscoelasticity [1], anomalous transport and anomalous
diffusion[2], modeling physical and biological processes [3].
Problems for mixed-type equations involving fractional differential operators are often used to connect two different
processes which have different characters on a certain time. It is known that the theory of boundary-value problems
for fractional differential equations is one of the vital fields of the fractional calculus in terms of modeling real-life
problems [4]-[5]. We note a few papers devoted to studying boundary-value problems for time-fractional mixed-
type partial differential equations [6]-[8]. Of course, one can show some papers regarding to study boundary-value
problems for the mixed-type equation involving other fractional differential operators [9], [10] but frankly speaking,
the main objects of these investigations were the Riemann-Liouville or the Caputo fractional differential operators.
In 2000, R. Hilfer introduced the generalized Riemann-Liouville derivative (called Hilfer derivative by many authors
later) which can be interpolated between Riemann-Liouville and Caputo derivatives [11]. Several researches have been
carried out since that time involving the Hilfer fractional differential operator [12], [13], [14] and a few applications of
this operator were investigated by numerous mathematicians. Recently, V.M. Bulavatsky also generalized the Hilfer
derivative in terms of its interpolation concept between the Caputo and the Riemann-Liouvile derivatives of different
orders [15].
A PREPRINT - JUNE 25, 2021
Here we would like to remind another earlier definition of the fractional differential operator that is the generalization
of the Riemann-Liouville, Caputo and Hilfer fractional derivatives introduced by M. M. Dzherbashian and A. B.
Nersesian in 1968 in the following form [16]








0x, n ∈ N, x > 0
where Iα0x and D
α
0x are the Riemann-Liouville fractional integral and the Riemann-Liouville fractional derivative of





γj − 1 > 0, γj ∈ (0, 1].
It is called the Dzherbashian-Nersesian differential operator which is less known to the mathematicians than other
operators and last year that article was translated and published in FCAA [17]. The study of problems with this
operator was done by many scientists (see [18], [19]).
In [20], the mixed type equation considered where the parabolic part involved the bi-ordinal Hilfer derivative and
hyperbolic part with wave equation.
In the present work, we consider the following mixed-type equation with fractional diffusion and fractional wave
equation in both parts of the domain involving bi-ordinal Hilfer derivative:
f(x, t) =
{
L1u ≡ D(α1,β1)µ10+ u(x, t)− uxx(x, t), t > 0
L2u ≡ D(α2,β2)µ20− u(x, t)− uxx(x, t), t < 0
(1.1)
in mixed domain Ω = Ω1 ∪Ω2 ∪ AB. Where f(x, t) is a given function,
i − 1 < αi, βi < i, 0 ≤ µi ≤ 1, i = 1, 2, Ω1 = {(x, t) : 0 < x < l, 0 < t < T }, Ω2 =
{(x, t) : 0 < x < l, −T < t < 0}, T > 0, AB = {(x, t) : 0 < x < l, t = 0},
D
(αi,βi)µi



























are the left-sided and right-sided Riemann-Liouville fractional integral of order α (ℜ(α) > 0) [4], where Γ(α) is
Euler’s gamma-function.
We note that the bi-ordinal Hilfer fractional derivative can be reduced from the Dzherbashian-Nersesian differential






Nonlocal BVP for Eq.(1.1) in Ω can be formulated as follows:
Problem B. Find a solution u(x, t) of equation (1.1) which is subject to the following regularity conditions
t1−γ1u(x, t), t1−γ1D
(α1,β1)µ1
0+ u(x, t) ∈ C(Ω1), (−t)2−γ2u(x, t) ∈ C(Ω2),
(−t)2−γ2D(α2,β2)µ20− u(x, t) ∈ C(Ω2), uxx ∈ C(Ω1 ∪Ω2),
submitted to the boundary conditions
u(0, t) = 0, u(l, t) = 0, t ∈ [−T, 0) ∩ (0, T ] (1.3)
and non-local condition
u(x,−T ) = u(x, T ) + ψ(x), 0 ≤ x ≤ l, (1.4)
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and also it satisfies the conjugation conditions on AB
lim
t→+0
I1−γ10+ u(x, t) = lim
t→−0













I1−γ20− u(x, t) 0 < x < l. (1.6)
Where γi = βi + µi(i− βi) δi = βi + µi(αi − βi), (i = 1, 2), ψ(x) is a given function such that ψ(0) = ψ(l) = 0.
The rest of the article is organized as follows. In Section 2 we recall some definitions and solve the Cauchy problem
with the right-sided bi-ordinal Hilfer derivative which are needed in the sequel. Main results is presented in Section 3.
Furthermore, we analyze the uniqueness of the solution by using eigenfunctions and we present sufficient conditions
for given data in order to show the existence of the result.
2 Preliminaries







, α > 0, β ∈ R.
Lemma 2.1. (see [4]) Let α < 2, β is an arbitrary real number, and πα/2 < µ < min{π, πα}, such that
µ ≤ |argz| ≤ π, |z| ≥ 0, M is a positive constant. Then, the following estimate hold
|Eα,β(z)| ≤
M
1 + |z| .










(z − t)ν−1Eα,β(λ(−z)α)(−z)β−1dz = (−t)β+ν−1Eα,β+ν(λ(−t)α). (2.2)
We recall the following lemma which is analogy of the lemma presented by A. Pskhu [22].








Γ(β − α) .
The Riemann-Liouville fractional derivatives left-sided Dα0+f(t) and the right-sided D
α
0−f(t) of order α (n − 1 <












In−α0− g(t), n− 1 ≤ α < n,
respectively.
We rewrite some basic properties of the right-sided Riemann-Liouville integral and differential operators(see [5]):
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hods almost everywhere on [−T, 0], where
ACn[−T, 0] =
{





g(x) ∈ AC[−T, 0],
}
,
g(x) ∈ AC[−T, 0] ⇔ g(x) = c+
∫ x
−T
ϕ(t)dt, (ϕ(t) ∈ L(−T, 0))
The left-sided CDα0+f(t) and right-sided




























Remark 2.3. We have the following comments:
1) The bi-ordinal Hilfer derivativeD(α,β)µ0± g(t) can be written as
D
(α,β)µ


























for t ∈ [−T, T ], where γ = β + µ(n− β) and δ = β + µ(α − β).
2) In general, (1.2) is also preserved in terms of its interpolation concept. Specifically, when µ = 0, (1.2) denotes
Riemann-Liouville fractional derivative operator of β order and for µ = 1, the bi-ordinal Hilfer fractional derivative





Dβa+g(t), µ = 0,
CDαa+g(t), µ = 1.






(s− t)α−1 Eα,α [λ(s− t)α] y(s)ds = g(t),
integral equation has the following unique solution





The solution of the integral equation with the left-sided Riemann-Liouville integral operator second kind was found in
[23] by means of the Laplace transform. For ascertaining the result of Lemma 2.4 one can easily check by substituting
the result into the equation.
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Cauchy problem for the equation with the right-sided bi-ordinal Hilfer fractional derivative
Let us consider the problem about finding a solution of the following ordinary differential equation involving the










0− u(t) = λu(t) + g(t),
lim
t→0−





I2−γ0− u(t) = ξ1,
(2.5)
where 1 < α, β ≤ 2, γ = β + µ(2 − β), ξ0, ξ1 ∈ R, g(t) is the given function.
Lemma 2.5. Let g(t) ∈ C[−T, 0], g′(t) ∈ L1(−T, 0). Then the solution of the problem (2.5) as follows:










where δ = β + µ(α− β), γ = β + µ(2− β).
Proof. First, we rewrite the equation according to (2.4) as follows:
Iγ−δ0− D
γ
0−u(t) = λu(t) + g(t).








and using (2.3) properties of the Riemann-Liouville integral and differential operators yield








This integral equation has the following solution according to Lemma 2.4




(s− t)δ−1Eδ,δ[λ(s− t)δ]g∗(s)ds = L1(t) + L2(t),





























If we use z = t − s substitution to the integral in L1(t) and using (2.1), (2.2) properties we can easily obtain the
following result
L1(t) = ξ0(−t)γ−2Eδ,γ−1[λ(−t)δ]− ξ1(−t)γ−1Eδ,γ [λ(−t)δ]. (2.7)




(s− t)δ−1Eδ,δ[λ(s− t)δ]Iδ0−f(s)ds =
5






















(z − s)δ−1(s− t)δ−1Eδ,δ[λ(s− t)δ]ds.




(z − s)δ−1(s− t)δ−1Eδ,δ[λ(s− t)δ]ds = Γ(δ)(z − t)2δ−1Eδ,2δ(λ(z − t)δ).










Finally, we can obtain the solution presented in Lemma 2.5 from (2.7) and (2.8). The similar lemma to Lemma 2.5 was
also studied in [14] for equation with the left-sided Hilfer differential operator. The proof of Lemma 2.5 is completed.
3 Main Results
We intend to prove the uniqueness and existence of solution to the problem for the mixed-type equation (1.1) along
with the conditions (1.3)-(1.6).
3.1 Investigation of the main problem
First let us introduce the following new notations
τ(x) = lim
t→+0
I1−γ10+ u(x, t), 0 ≤ x ≤ l, (3.1)
ϕ(x) = lim
t→−0





I2−γ20− u(x, t), 0 < x < l. (3.3)
For solving the problem we use the method of separation of variables for homogeneous equation corresponding (1.1)






, Xn(x) = sin(
√
λnx). (3.4)
The system of Xn(x) in the form (3.4 is the orthogonal basis in L2(0, l), for that reason we can represent the solution






































λnx), t < 0.
(3.7)
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Substituting (3.5) and (3.6) into the equation (1.1) along with the conditions (3.1) and (3.2), (3.3) we obtain the
problem for the ordinary fractional differential equations in Ω1 and Ω2 respectively.
We note works of A. Pskhu [24], [25], where main boundary value problems for diffusion-wave equation with the
Riemann-Liouville fractional derivative were investigated by the method of Green’s functions.
The ordinary fractional differential equation with respect to t corresponding Eq.(1.1) has been studied in [15] for t > 0.
































































































λnx), 0 < x < l. (3.9)
Considering notations (3.1), (3.2) and conjugation condition (1.5), as such from (3.3), (3.9) and conjugation condition
(1.6), we obtain the following linear equations:
{
τn = ϕn,
− λnτnΓ(δ1) = νn,
(3.10)
where τn, ϕn and νn are Fourier coefficients of the unknown functions τ(x), ϕ(x) and ν(x) respectively.
Now we will establish another functional relation which is determine from (1.4). For this aim, we need the solution of
the problem intended to solve L2u = 0 equation with the conditions (3.2), (3.3). After applying method of separation
variables, we have spectral problem which its eigenvalues and eigenfunctions as given in (3.4) and the problem for
ordinary differential equation involving the right-sided bi-ordinal Hilfer fractional differential operator as (2.5).

























(z − t)δ2−1Eδ2,δ2 [−λn(z − t)δ2 ]fn(z)dz sin(
√
λnx) (3.11)
















(T − z)δ1−1Eδ1,δ1(−λn(T − z)δ1)fn(z)dz. (3.12)


































(z + T )δ2−1Eδ2,δ2(−λn(z + T )δ2)fn(z)dz.
3.2 A uniqueness of the solution
We assume that there exist two different u1(x, t) and u2(x, t) solutions of the main problem. Then it is enough to
show that u(x, t) = u1(x, t)− u2(x, t) is a trivial solution of the homogeneous problem.
Let u(x, t) be a solution of the homogeneous problem.







λnx)dx, n = 1, 2, 3, ...., (3.17)







λnx)dx, n = 1, 2, 3, ...., (3.18)
ApplyingD(α1,β1)µ10+ and D
(α2,β2)µ2
0− to (3.18) and using the equation(1.1)
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D
(α1,β1)µ1


































and integrating by parts twice the right sides of the equalities on t ∈ (0, T ) and t ∈ (−T, 0), respectively, and passing




0+ un(t) + λ
2un(t) = 0, t > 0,
D
(α2,β2)µ2
0− un(t) + λ
2un(t) = 0, t < 0.
(3.19)
Considering conditions (3.1), (3.2), (3.3) in homogeneous case, (3.19) has a solution un(t) = 0 if ∆n 6= 0 in (3.16).
Then from (3.17) and the completeness of the system {Xn(x)} in the space L2[0, l], u(x, t) ≡ 0 in Ω. This completes
the prove of uniqueness of the solution of the main problem.
3.3 Existence of a solution




















In other words, it confirms that ∆n > 0 for any sufficient large n.
For showing the existence of the result, we prove the uniform convergence of the series of u(x, t), uxx(x, t) and
D
(αi,βi)µi
0± u(x, t), i = 1, 2.
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If τ(x) ∈ C [0, l], τ ′(x) ∈ L2(0, l) and f(x, t) ∈ C0,1[0, l] × [0, T ], then the series of u(x, t) is bounded with
convergent numerical series. Note that the condition τ ′(x) ∈ L2(0, l) is required for t → +0. From Weierstrass
M-test the series of u(x, t) is considered uniformly convergent in Ω1.















































1 + λn| − t|δ2
+
νn| − t|M




















If ϕ(x), ν(x) ∈ C[0, l], ϕ(x), ν(x) ∈ L2(0, l) and f(x, t) ∈ C0,1[0, l] × [−T, 0], then the series of u(x, t) is
bounded with convergent numerical series with respect to n and from Weierstrass M-test the series of u(x, t) converges
uniformly in Ω2.
Next, we show the uniform convergence of the series representation of uxx(x, t), which is given by in Ω1





















and as such given in Ω2






















(z − t)δ2−1Eδ2,δ2 [−λn(z − t)δ2 ]fn(z)dz sin(
√
λnx).





























1 + λn| − t|δ2
+
λnνn| − t|γ2−1





















































λnx), t < 0.
If f(x, t) ∈ C2,1(0, l) × (−T, T ) and τ(x), ϕ(x), ν(x) ∈ C2(0, l) and τ ′′′(x), ϕ′′′(x), ν′′′(x) ∈ L2(0, l) which are
required for t → 0, then, the series representation of uxx(x, t) is bounded with the convergent numerical series and
from Weierstrass M-test the series of uxx(x, t) converges uniformly in Ω1 ∪ Ω2.
Finally, the uniform convergence of the series representation of D(αi,βi)µi0± u(x, t), i = 1, 2 can be done similarly to
the convergence of the series of uxx(x, t) considering Eq.(1.1).
Moreover, according to (3.13)-(3.15) we can see that τ(x), ϕ(x) and ν(x) functions are written in terms of the given
functions ψ(x) and f(x, t). For that reason we write sufficent conditions for those given functions in order to show
that all imposed conditions for τ(x), ϕ(x) and ν(x) are valid, i.e
τ(x), ϕ(x), ν(x) ∈ C[0, l], τ(x), ϕ(x), ν(x) ∈ C2(0, l) and
τ ′′′(x), ϕ′′′(x), ν′′′(x) ∈ L2(0, l), f(x, t) ∈ C[0, l]× [−T, T ],
f(x, t) ∈ C2,1(0, l)× (−T, T ).
If we find sufficent conditions for given functions in order to show the validity conditions of ν(x), it can be clearly
seen that those sufficient conditions can be considered enough for showing that conditions for τ(x), ϕ(x) are also valid















Since the given functions can be written in the form of a Fourier series and the last equality we have the following
conditions for the given functions
ψ(x) ∈ C[0, l] ∩ C4(0, l) and ψ(5)(x) ∈ L2(0, l),
f(x, t) ∈ C[0, l]× [−T, T ] ∩C2,1(0, l)× (−T, T ) and f (3)x (·, t) ∈ L2(0, l),
where we assume that ∆n 6= 0, ψ(0) = ψ(l) = 0, ψ′′(0) = ψ′′(l) = 0, ψ(4)(0) = 0,



























(T − z)δ1−1Eδ1,δ1(−λn(T − z)δ1)f3n(z)dz−
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(z + T )δ2−1Eδ2,δ2(−λn(z + T )δ2)f3n(z)dz,
|F3n(t)| ≤ |f3n(0+)|
MT δ1





|T − z|δ1 M









|z + T |δ2 M

















f (3)x (x, 0) cos(
√
λnx)dx.
All in all, we have just proved the following theorem (3.1).
Theorem 3.1. Assume that the following conditions hold:
∆n 6= 0;
ψ(x) ∈ C[0, l] ∩ C4(0, l) such that ψ(0) = ψ(l) = 0, ψ′′(0) = ψ′′(l) = 0, ψ(4)(0) = ψ(4)(l) = 0 and ψ(5)(x) ∈
L2(0, l);
f(x, t) ∈ C[0, l] × [−T, T ] ∩ C2,1(0, l) × (−T, T ) such that f(0, t) = f(l, t) = 0, fxx(0, t) = fxx(l, t) = 0,
f
(3)
x (·, t) ∈ L2(0, l);
then, there exists the unique solution of the considered problem.
References
1. F. Mainardi, Fractional calculus and waves in linear Viscoelasticity, Imperial College Press, 2010.
2. R. Klages, G. Radons, I. Sokolov (Eds.), Anomalous Transport: Foundations and Applications, Wiley, 2008.
3. O. S. Iyiola, F. D. Zaman, A fractional diffusion equation model for cancer tumor, AIP Adv.4(2014) 107121.
4. Podlubny I. Fractional Differential Equations: An Introduction to Fractional Derivatives, Fractional Differ-
ential Equations, to Methods of Their Solution, Mathematics in Science and Engineering. Vol. 198. San
Diego: Academic Press, 1999
5. Kilbas A. A., Srivastava H. M., Trujillo J. J. Theory and Applications of Fractional Differential Equations,
volume 204. North-Holland Mathematics Studies. Amsterdam: Elsevier, 2006.
6. Nakhushev A. M. Drobnoe ischislenie i ego primenenie (Fractional calculus and Its applications), Moscow,
2003.
7. A. A. Kilbas and O. A. Repin, An analog of the Tricomi problem for a mixed type equation with a partial
fractional derivative, Fract. Calc. Appl. Anal. 13 (2010), no. 1, 69-84.
8. A. S. Berdyshev, A. Cabada and E. T. Karimov, On a non-local boundary problem for a parabolic-hyperbolic
equation involving a Riemann-Liouville fractional differential operator, Nonlinear Anal. 75 (2012), no. 6,
3268-3273.
9. E.T.Karimov, B.H.Toshtemirov. Tricomi type problem with integral conjugation condition for a mixed type
equation with the hyper-Bessel fractional differential operator, Bulleten of the Institute of Mathematics, 4(1)
9-14, (2019)
10. B. Toshtemirov. Frankl-type problem for a mixed type equation associated hyper-Bessel differential operator.
Montes Taurus J. Pure Appl. Math. 3(3), 2021, pp. 327-333.
11. Hilfer R. Applications of Fractional Calculus in Physics. Singapore: World Scientific, 2000.
12
A PREPRINT - JUNE 25, 2021
12. Hilfer R., Luchko Y., Tomovski Ž. Operational method for the solution of fractional differential equations
with generalized Riemann-Liouville fractional derivatives. Fract. Calc. Appl. Anal. 12(3), 2009, pp.299-318
13. Malik S., Aziz S. An inverse source problem for a two parameter anomalous diffusion equation with nonlocal
boundary conditions. Computers and Mathematics with Applications, 73(12), 2017, pp.2548-2560.
14. Kadirkulov B. J., Jalilov M. A. On a nonlocal problem for fourth-order mixed type equation with the Hilfer
operator. Bulletin of the Institute of Mathematics. 1, 2020, pp. 59-67
15. V. M. Bulavatsky. Closed form of the solutions of some boundary problems for anomalous diffusion equation
with Hilfer’s generalized derivative. Cybernetics and Systems Analysis. 30(4), 2014, pp. 570-577
16. M. M. Dzhrbashyan, A. B. Nersesyan, Fractional Derivatives and the Cauchy Problem for Fractional Differ-
ential Equations, Izv. Akad. Nauk Armyan. SSR. 3, No 1 (1968), 3-29.
17. M. M. Dzherbashian, A. B. Nersesian, Fractional derivatives and Cauchy problem for differential equations
of fractional or- der. Fract. Calc. Appl. Anal. 23, No 6 (2020), 1810-1836. https://doi.org/10.1515/fca-2020-
0090.
18. Anwar Ahmad, Muhammad Ali, Salman A. Malik. Inverse problems for diffusion equation with fractional
Dzherbashian-Nersesian operator. arXiv:2105.05040v1
19. Bogatyreva F.T. Initial value problem for fractional order equation with constant coefficients, Vestnik
KRAUNC. Fiz.-mat. nauki. 2016, 16: 4-1, 21-26. DOI: 10.18454/2079- 6641-2016-16-4-1-21-26
20. Karimov, E. and Kerbal, S. "Tricomi type problem for mixed type equation with sub-diffusion and wave
equation," Scientific journal of the Fergana State University: Vol. 2 , Article 2. (2019) DOI: 517.956.
https://uzjournals.edu.uz/fdu/vol2/iss3/2
21. R. K. Saxena. Certain properties of generalized Mittag-Leffler function, in Proceedings of the 3rd Annual
Conference of the Society for Special Functions and Their Applications, pp. 77-81, Chennai, India, 2002.
22. Pskhu A. V. Partial Differential Equations of Fractional Order (In Russian). Moscow: Nauka, 2005.
23. B. Ross, B.K. Sachdeva, The solution of certain integral equation by means of operators of arbitrary order,
Amer. Math. Monthly 97 (6) (1990) 498 502.
24. A.V. Pskhu, "Solution of a Boundary Value Problem for a Fractional Partial Differential Equation", Differ.
Equ., 39:8 (2003), 1150-1158
25. A.V. Pskhu, "Solution of Boundary Value Problems for the Fractional Diffusion Equation by the Green Func-
tion Method", Differ. Equ., 39:10 (2003), 1509-1513
13
